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E-mail address: Ralf.Peek@shell.com (R. Peek).An analytical bifurcation solution is presented for axisymmetric wrinkling on a lined pipe under axial
compression without internal pressure. The internal liner consists of corrosion-resistant alloy (CRA), it
is not metallurgically bonded to the carbon steel backing pipe, and it is assumed to be in a snug ﬁt con-
dition: i.e. there is no gap between the liner and the backing pipe, but also no prestress that would lead to
a positive contact or gripping pressure between the liner and the backing. The backing is assumed to be
much thicker than the liner, so that wrinkling-related deformations of the backing pipe can be neglected.
The solution indicates that the incipient wrinkling strain for the snug-ﬁt pipe without any imperfec-
tions is the same as the incipient wrinkling strain for a single pipe with (5/3) times the wall thickness
of the liner, and the same midsurface diameter, as determined by the solution of Batterman (1965) for
the case of small strains, or Peek (2000a) for the case of ﬁnite strains. For the case when the liner-pipe
friction is included the factor (5/3) increases slightly.
A positive contact pressure due to prestress or internal pressure raises the wrinkling strain, whereas
imperfections (e.g. at seam or girth welds) reduces it. The snug-ﬁt solution accounts for neither, but nev-
ertheless provides a useful reference wrinkling strain, and can be used to validate numerical solutions,
and it gives a bifurcation modeshape and wrinkle length that can be used in numerical models to inves-
tigate post-bifurcation behaviour.
 2013 Published by Elsevier Ltd.1. Introduction
The use of lined pipe is increasingly common in the oil and gas
industry, to transport corrosive products. Lined pipe consists of a
carbon steel backing pipe that provides the required structural
capacity to carry the internal pressure and other loads, and a corro-
sion-resistant alloy (CRA) liner that protects the carbon steel from
the corrosive product transported. The liner is not metallurgically
bonded to the backing pipe, but the fabrication procedures generally
attempt to generate a positive contact pressure between the liner
and the backing pipe De Koning et al. (2004), Rommerskirchen
et al. (2003), so that a gripping shear capacity at the interface is gen-
erated by friction. Lined pipe can provide an economical alternative
to both solid CRA pipes, or clad pipes, inwhich the inner CRA layer is
metallurgically bonded to the carbon steel backing pipe.
A drawback of lined pipe is that under axial compressive strains
(due to axial compression and/or bending of the pipe) the liner can
wrinkle, as indicated by full-scale tests Focke (2007), Focke et al.
(2005a,b, 2006, 2007), as well as ﬁnite element analyses Hilberink
et al. (2010a,b), Tkaczyk et al. (2011), Vasilikis and Karamanos
(2011), Hilberink (2011).Elsevier Ltd.
x: +31 0 70 447 5916.In general the problem of liner wrinkling is a complicated one,
and inﬂuenced by internal pressure, prestress (from fabrication, to
create a gripping capacity), and inevitable imperfections. This pa-
per does not aim to address these complications, but it does pro-
vide a simple analytical reference solution for the case when
these complications are absent: axisymmetric wrinkling under ax-
ial loading for a liner in the snug ﬁt condition. This is validated by
ﬁnite element analysis, including an imperfection in the shape of
the wrinkling mode, and showing that for sufﬁciently small imper-
fections the incipient wrinkling strain from the ﬁnite element anal-
ysis coincides with the bifurcation strain from the analytical
solution presented, as it should. This solution is similar to that gi-
ven by Shrivastava (2010) for outward wrinkling of a core-ﬁlled
circular column.
2. Assumptions
(1) The plastic bifurcation buckling theory described in Hutch-
inson (1974) is used. Furthermore, for the bifurcation check,
the incremental moduli of the deformation theory of plastic-
ity are used, since this is known to give better wrinkling pre-
dictions, and is justiﬁed postulating the appearance of
corner in the yield surface for the material (Batdorf, 1949;













Fig. 1. Wrinkling mode and coordinates used.
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aard, 1982; Tvergaard, 1983; Giezen, 1988; Blachut et al.,
1996; Peek, 2000a,b, 2005; Bardi and Kyriakides, 2006;
Kyriakides and Corona, 2007). (In the presence of imperfec-
tions, the ﬂow theory can give reasonable results for plastic
buckling, and is used with success e.g. in Yun and Kyriakides
(1990), Bardi et al. (2006). However the bifurcation point
gives a better indication of wrinkling if the deformation the-
ory is used.)
(2) The liner and backing are loaded axially only, without inter-
nal pressure.
(3) The liner and backing are in contact with zero contact pres-
sure. This is referred to as the ‘‘Snug-ﬁt’’ condition. The liner
and backing must have the same mechanical properties, so
that the snug-ﬁt condition is maintained under loading prior
to bifurcation.
(4) The bifurcation solution is axisymmetric.
(5) The backing pipe is much thicker than the liner, and is there-
fore assumed to remain uniform.
(6) In regard to friction between the backing pipe and the liner,
two cases are considered: frictionless and high friction. For
the frictionless case, the friction coefﬁcient is zero and the
pipe either is very long so that load-controlled conditions
prevail for the liner or the same nominal axial stress is
applied independently to the liner and the backing at the
end; for the high friction case, the friction coefﬁcient is large
enough to prevent slip between the liner and the pipe so
that displacement-controlled conditions prevail for the liner.
3. Derivation
This section presents the derivation of the results given above.
For generality, the formulation here is based on the ﬁnite strain
theory quoted in Needleman and Tvergaard (1977), and also used
in Peek (2000a,b, 2001).
3.1. Prebifurcation solution
The prebifurcation solution involves uniform axial compression
in both the backing pipe and the liner, with zero radial, circumfer-
ential and shear stress. For the ﬁnite strain theory of Needleman
and Tvergaard (1977) the material is described by the modulus
of elasticity E, Poisson’s ratio m, and the true stress strain relation
Q ¼ QðgÞ ð1Þ
where Q denotes the true stress and g denotes the logarithmic plas-
tic strain. The prebifurcation (uniaxial compression) solution is:
k1 ¼ 1= expðQ=Eþ gÞ; k2 ¼ k3 ¼ expðmQ=Eþ g=2Þ ð2a;bÞ
s ¼ Q t1t1 ð3Þ
f ¼ Q=k1; e1 ¼ ðk1  1Þ ð4Þ
in which ki denote the stretch ratios in the axial (i = 1) circumferen-
tial (i = 2) and radial (i = 3) directions; s is the Kirchhoff stress ten-
sor; t1 is a unit vector in the axial direction; f is the applied nominal
stress (force per unit area measured in the undeformed conﬁgura-
tion); and e1 is the engineering strain, here taken as positive for
compression.
3.2. Bifurcation conditions
The derivation of the bifurcation conditions for the single pipe
in Peek (2000a) also applies here for the liner where the liner is
not in contact with the backing pipe. This is based on applying
the structural analysis approximations of a thin shell theory onlyto derive the bifurcation condition, and not to the prebifurcation
solution. According to this, bifurcation occurs when non-trivial
solutions to the bifurcation conditions,ﬁrst become possible that
also satisfy appropriate boundary conditions. The bifurcation con-
ditions are:
ðt2=12ÞC11w0000 þ Qw00 þ ðC12=RÞu0 þ ð1=R2ÞC22w ¼ 0 ð5Þ
C11u00 þ ð1=RÞC12w0 ¼ 0 ð6Þ
in which u denotes the axial and w the radial components of dis-
placement associated with the bifurcation buckling mode, respec-
tively. A prime as in u0 denotes differentiation with respect to the
axial coordinate x; t denotes the current wall thickness of the liner;
R is the current radius to the midsurface of the liner; Q is the true
equivalent uniaxial stress in the liner, which is also equal to the
absolute value of the true compressive stress in the liner; and
C11,C12, and C22 are the effective incremental moduli for plastic
loading in the axial (1) and circumferential (2) directions, deﬁned
in Appendix B. (Different expressions are given in Appendix B for
the ﬂow and deformation theories of plasticity with ﬁnite strain,
and for the deformation theory with small strain. For small strains
the ‘‘effective incremental moduli’’ are simply the incremental
moduli.) Unless otherwise noted the effective incremental moduli
for the large deformation deformation theory of plasticity are used.
The bifurcation condition for the axial direction (Eq. (6)) may be
integrated to yield:
C11u0 þ ð1=RÞC12w ¼ f0 ð7Þ
where f0 is a constant of integration, which represents the differ-
ence in the rate of change of the axial membrane stress in the liner
between the principal and bifurcated branches at the same level of
applied load.
To deﬁne the boundary conditions, the wrinkle as shown in
Fig. 1 is envisioned. This involves a wrinkled region with no contact
between the backing pipe and the liner bounded on both sides by
regions of continuous contact between the liner and the backing
pipe. The points of transition between the wrinkle region and the
region of continuous contact will be referred to as the ‘‘contact
points’’. At the contact points concentrated reactions can develop,
as shown in Fig. 1. These correspond to a discontinuity inw000. How-
ever w00 must be continuous, since no concentrated moment can be
generated at the contact point, and w0 and w must also be contin-
uous from compatibility. The boundary conditions at the contact
points thus are
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In the above L denotes the length of the wrinkle. Since the posi-
tive direction for w is outwards, a negative w represents a gap
between the liner and the backing pipe. Therefore one must also
have
w < 0 for  L=2 < x < L=2 ð9Þ
For the axial direction the boundary condition depends on the
axial friction option considered under Assumption 6.
For the frictionless case, with the end loads applied indepen-
dently to the liner and the backing, the applied load (denoted by
k in Hutchinson’s (1974) presentation of the bifurcation theory)
is the applied membrane stress, and since this must be the same
for the principal and bifurcated solution branches, for the friction-
less case, one has,
f0 ¼ 0 ð10Þ
For the high friction case, it is assumed that the reactions gen-
erated at the contact points shown in Fig. 1 generate a frictional
resistance that prevents any differences in the axial displacement
between the liner and the backing pipe. For this case the boundary
condition is
u ¼ 0 at contact points ðx ¼ L=2Þ ð11Þ
For the high friction case the loading condition at the end of the
pipe does not matter, because in any case the axial displacements
are the same for the liner and the backing except where contact is
lost.
For the frictionless case, however, it does make a difference: Eq.
(10) does not apply if the same axial displacement is applied to the
liner and backing at the end of the model, instead loading the liner
and backing independently with the same axial membrane stress.
However if the pipe is very long, then this difference vanishes,
and Eq. (10) also applies when the same axial displacement is im-
posed on the liner and backing at the ends. This can be proven by
contradiction, as follows: Suppose f0– 0. For the frictionless case,
the axial equilibrium bifurcation condition (Eq. (7)) also applies
in the region of continuous contact (where w = 0). This means that
u0 must be nonzero and constant in the region of continuous con-
tact (where w = 0). In the wrinkled area (where w < 0), u0 may have
a different value, but it must still be ﬁnite there. Since for imposed
displacements u = 0 at both ends, the integral of u0 over the length
of the pipe must be zero. This integral has a ﬁnite contribution
from the wrinkled area, but one that tends to inﬁnity as the pipe
becomes very long for the area that is not wrinkled. Therefore
the integral cannot be zero, which gives a contradiction, so that
f0 must be zero.
Thus in summary the axial boundary condition is Eq. (10) for
the frictionless case, and Eq. (11) for the high friction case. The ra-
dial boundary conditions are given by Eqs. (8) and (9) for both
cases.
3.3. Solution for the frictionless case
Using the boundary condition for the frictionless case (f0 = 0) to
eliminate u0 from the bifurcation conditions leads to
ðt2=12ÞC11w0000 þ Qw00 þ ð1=R2ÞD22w ¼ 0 ð12Þ
where
D22 ¼ C22  C212=C11 ð13Þ
This is a linear, homogeneous, 4th order ordinary differential
equation with constant coefﬁcients. Therefore the solutions of
the form w = exp (k x) satisfy this equation provided that the char-
acteristic equation,ðt2=12ÞC11k4 þ Qk2 þ ð1=R2ÞD22 ¼ 0 ð14Þ
is satisﬁed. The roots are,
k2 ¼ fQ  ½Q2  C11D22t2=ð3R2Þ1=2g=fðt2=6ÞC11g ð15Þ
Initially, at zero stress with the liner in the elastic condition,
C11 = E/(1  m2), and D22 = E. As the liner yields, these incremental
moduli decrease, but are assumed to still be positive when bifurca-
tion occurs. (This assumption is conﬁrmed once the bifurcation
solution is obtained, by calculating the values of C11 and D22 at
bifurcation). As the load increases, the stress Q increases, but the
incremental plasticity moduli C11 and D22 decrease as the stress–
strain curve ﬂattens. Thus at ﬁrst Q2 < C11D22t2/(3R2) so that the
solutions for k above are complex corresponding to modulated
sinusoids with an amplitude that increases exponentially in one
of the two x-directions. For certain poorly-constrained end condi-
tions, bifurcations are possible at this stress level, but these are
not addressed here. At Q2 = C11D22 t2/(3R2), the bifurcation buckling
load for an inﬁnite cylinder (i.e. single pipe) is reached (Peek,
2000a). At that point there are only two purely imaginary solutions
for k, corresponding to sinusoidal modes of the same wavelength.
Since the presence of the backing can reasonably be expected to in-
crease the wrinkling stress for the liner, by the constraint it pro-
vides Q2 > C11D22 t2/(3R2). It follows that there are 4 purely
imaginary roots k, which can be written as
k ¼ ik1;ik2 ð16Þ
where
k1 ¼ fa2 þ ½a4  b41=2g1=2 ð17Þ
k2 ¼ fa2  ½a4  b41=2g1=2 ð18Þ
a2 ¼ 6Q=½t2C11; b4 ¼ 12D22=ðt2R2C11Þ ð19a;bÞ
Taking x = 0 to be at the crown of the wrinkle, the general solu-
tion that is symmetric about the crown of the wrinkle can be writ-
ten as
w ¼ A1 cosðk1xÞ þ A2 cosðk2xÞ ð20Þ
where A1 and A2 are constants. Applying the boundary conditions
on the transverse displacement w (Eq. (8)) leads to
cosðn1ÞA1 þ cosðn2ÞA2 ¼ 0 ð21Þ
n1 sinðn1ÞA1 þ n2 sinðn2ÞA2 ¼ 0 ð22Þ
n21 cosðn1ÞA1 þ n22 cosðn2ÞA2 ¼ 0 ð23Þ
where
ni ¼ kiL=2 ð24Þ
Clearly, non-trivial solutions to Eqs. (21)–(23) are only possible
if both A1 and A2 are non-zero.
Considering the ﬁrst and last of these equations, a necessary
condition for the existence of a non-trivial solution for A1 and A2 is,
cosðn1Þ cosðn2Þ n21  n22
  ¼ 0 ð25Þ
From Eqs. (17) and (18), one has k1 > k2, which means that the
third factor in Eq. (25) must be positive. Thus at least one of the co-
sine factors must be zero. Suppose cos(n2) = 0. Then cos(n1) A1 must
also be zero (from Eq. (21)). But A1 cannot be zero, so cos (n1) must
also be zero. Similarly, if one supposes cos(n1) is the zero factor in
Eq. (25), one deduces that cos(n2) must also be zero. Thus either
way
cosðn1Þ ¼ cosðn2Þ ¼ 0 ð26Þ
which means that
ni ¼ p=2þ nip ð27Þ
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must also satisfy
0 6 n2 < n1 ð28Þ
Since any gap opening between the liner and the pipe must be
positive, an admissible solution must also satisfy Eq. (9). It is
shown in Appendix A that the admissible solution for which the
wrinkling strain is the lowest is obtained for n2 = 0 and n1 = 1. Thus,
n2 ¼ p=2; n1 ¼ 3p=2 ð29Þ
and the buckling mode can be written as
w ¼ f3 cosðpx=LÞ þ cosð3px=LÞg=4 ð30Þ
This modeshape is plotted in Fig. 2, from which it is clear that it
satisﬁes the admissibility condition w 6 0 in the region of the
wrinkle.
From the above it is clear that k1/k2 = n1/n2 = 3. From Eqs. (17)
and (18) this leads to
fa2 þ ½a4  b41=2g1=2=fa2  ½a4  b41=2g1=2 ¼ 3 ð31Þ
from which it is deduced that 3a2 = 5b2. Finally, upon substitution
from Eq. (19), one obtains
R=t ¼ ð5=3ÞfD22C11=3g1=2=Q ð32Þ
This gives the R/t ratio for a liner that wrinkles at the point (g,Q)
on the stress strain curve considered. Recall that R and t refer to the
deformed geometry, but since the stretch ratio in the circumferen-
tial and radial directions are the same, the deformed R/t value is
the same as the undeformed value.
By combining the sum of the squares of Eqs. (23) and (24), and
substituting from Eqs. (25), (31), and (36), the length of the wrin-
kle, L, is found to be,
L=t ¼ 51=2pfC11=ð6QÞg1=2 ð33Þ
The above procedure to calculate R/t and L/t for a liner wrinkling
at a given strain is exactly the same as that given in Peek (2000a)
for a single pipe under axial load (not constrained by the backing),
except that for the single pipe, Eqs. (32) and (33) are replaced by
R=t ¼ fD22C11=3g1=2=Q ; L=t ¼ pfC11=ð6QÞg1=2 ð34a;bÞ
Comparison of the results for the liner (Eqs. (39) and (40)) and
the single pipe (Eqs. (34a,b)), indicates that the snug-ﬁt liner will




















Fig. 2. Plot of wrinkling mode for frictionless (applicable for all values of u), an60% of the R=t ratio of the liner. Further the L=t ratio for liner wrin-
kling is
p
5 times the L=t ratio for the single pipe that wrinkles at
the same strain, where L denotes the wrinkle length for the liner,
or the half wavelength of a purely sinusoidal buckling mode for
the single pipe.
The above simple result applies for the frictionless case. The
high friction case is a bit more complicated, but the result hardly
changes. The solution for lower friction cases is not derived here,
but can reasonably be expected to fall somewhere between the
frictionless and high friction cases.
3.4. Bifurcation solution for the high friction case
For the high friction case, the constant of integration f0 in Eq. (7)
does not vanish in the wrinkled area. (Indeed f0 is discontinuous
across the contact points because of the axial frictional force asso-
ciated with the concentrated reactions shown in Fig. 1. Further the
moment that is generated because this frictional force acts at the
surface of the liner rather than at its midsurface is neglected.) In-
stead, it follows from the axial boundary condition Eq. (17) thatZ
wrinkle
u0dx ¼ 0 ð35Þ
so that from Eq. (7) one obtains






is the average value of the displacement w over the wrinkle. Elim-
inating u0 from the bifurcation conditions (Eqs. (5) and (7)) gives,
ðt2=12ÞC11w0000 þ Qw00 þ ð1=R2D22wþ ðC12=RÞ2wavg=C11 ¼ 0 ð38Þ
A symmetric solution can be written in the form
w ¼ A1 cosðk1xÞ þ A2 cosðk2xÞ þ 1 ð39Þ
where A1 and A2 are constants. By deﬁning the wavenumbers k1 and
k2 as for the frictionless case, by Eqs. (17) and (18), one ensures that
the ﬁrst two terms of the solution satisfy the bifurcation condition
for the frictionless case. Considering this, it is readily shown that
substitution of Eq. (39) into Eq. (38) leads to the following bifurca-






d for high friction case with u = 0.01 and 1. Mode is symmetric about x = 0.
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2
12 þ A1 sinðn1Þ=n1 þ A2 sinðn2Þ=n2 þ 1 ¼ 0 ð40Þ
where ni = kiL/2, as before. The boundary conditions can be written
as,
cosðn1ÞA1 þ cosðn2ÞA2 þ 1 ¼ 0 ð41Þ
n1 sinðn1ÞA1 þ n2 sinðn2ÞA2 ¼ 0 ð42Þ
n21 cosðn1ÞA1 þ n22 cosðn2ÞA2 ¼ 0 ð43Þ
The variables available to satisfy the bifurcation condition (40)
and the 3 boundary conditions (41–43) are A1, A2, n1 and n2. From
the 2nd and 3rd boundary conditions the requirement for exis-
tence of non-trivial solutions is,
tanðn1Þ=n1 ¼ tanðn2Þ=n2 ð44Þ
The numerical solution strategy employed is as follows:
(1) A solution (n1, n2) to Eq. (51) in the range 0 < n2 < p/2,
p < n1 < 3p/2 is found numerically, by assuming a value for
n2 and then numerically calculating the value of n1 for which
Eq. (51) is satisﬁed. (Based on the plot of the branches of the
function tan(n)/n in Fig. 3 it is seen that such a solution in the
stated range exists and is unique, and further 1.43 6 n1/
p < 1.5.)
(2) Solve the ﬁrst 2 Eqs. (41) and (42) for A1 and A2.
(3) Check whether the 4th equation is satisﬁed for the calcu-
lated value of A1, A2, n1, and n2. If not, repeat the procedure
starting with a different value of n2 until a solution is found.
The solution calculated in this manner only depends on the va-
lue of the dimensionless ratio,
u ¼ D22C11=C212 ð45Þ
To get an indication of typical values of u substitute from Eqs.
(60)–(62) and (13) to obtain
u ¼ ðET þ QÞ½ð5 4msÞES  ð1 2mSÞ2ET =½ES  ð1 2mSÞET 2 ð46Þ
which can be further simpliﬁed for the case when the material is
incompressible, so that m = mS = 1/2 (from Appendix B), and Eq.
(46) reduces to
u ¼ 3ðET þ QÞ=ES when m ¼ 1=2 ð47Þ
Solutions for typical values of u are shown in Table 1. Also
shown in Table 1 is the ratio q = n1/n2, which is also equal to k1/
k2, from which it follows, via Eqs. (17) and (18), thatFig. 3. Illustration of solutions to Eq. (51) on two branches of a plot of tan (n)/n as a func
range 1.43p to 3p/2 for which Eq. (51) is satisﬁed.fa2 þ ½a4  b41=2g1=2=fa2  ½a4  b41=2g1=2 ¼ q ð48Þ
which, following the same approach as in Eqs. (31) and (32) for the
frictionless case, leads to
ðb=aÞ4 ¼ 1 ½ðq2  1Þ=ðq2 þ 1Þ2 ð49Þ
R=t ¼ ð1=wÞfD22C11=3g1=2=Q ð50Þ
in which
w ¼ f1 ½ðq2  1Þ=ðq2 þ 1Þ2g1=2 ð51Þ
Again comparing this with the result for the single pipe under
axial compression (Eqs. (34)), it is seen that a single pipe with w
times the R/t ratio of the liner starts to wrinkle at the same strain.
Having deﬁned R and t (or the point on the stress–strain curve
for which wrinkling occurs at the desired R/t value), the buckling
mode and wrinkle length L can be calculated from Eqs. (19), (18)
and (24) (in the order stated). Alternatively the expression below
can be used for the wrinkle length L:
L=t ¼ K½C11=ð6QÞ1=2 ð52Þ
where
K ¼ ½2ðq2 þ 1Þ1=2n2 ð53Þ
This has been derived from Eqs. (17) and (49), to obtain k2 = a
[2/(q2 + 1)]1/2, and then applying Eqs. (19a) and (24). Note that
the corresponding result for the frictionless case (Eq. (40)) can also
be written in the form of Eq. (52) with K = 51/2p. Also for the fric-
tionless case q = 3, n2 = p/2, and w = 3/5. The ratio of wrinkle
lengths with or without friction can be written as
LFrictional=Lfrictionless ¼ ½ðq2 þ 1Þ=101=22n2=p ð54Þ
This depends on u only, and is also included in Table 1.
The variations in the values of w in Table 1 indicate that occur-
rence of bifurcation is not very sensitive to whether there is fric-
tion between the liner and the pipe. Furthermore the
modeshapes for high friction and frictionless cases are so close to
each other that they cannot be distinguished in Fig. 2. However
it must be borne in mind that bifurcation only signals incipient
buckling or wrinkling. The postbucking behaviour can be much
more strongly inﬂuenced by friction.tion of n. Shows that for every value 0 < n1 < p/2 there is a unique value of n2 in the
Table 1
Dimensionless solution parameters for high friction case as a function of u (deﬁned
by Eq. (52), (53), or (54)). For comparison the solution for the frictionless case (valid
for all values of u) is also included.
u n1/p n2/p q w K
Frictionless case 1.5 0.5 3 0.6 p
p
5 (7.025)
0.01 1.4993 0.4980 3.011 0.598 7.019
0.02 1.4987 0.4960 3.022 0.597 7.014
0.05 1.4968 0.4902 3.054 0.592 6.998
0.1 1.4938 0.4809 3.107 0.583 6.972
0.2 1.4887 0.4637 3.210 0.568 6.927
0.3 1.4843 0.4483 3.311 0.554 6.889
0.4 1.4805 0.4343 3.409 0.540 6.855
0.5 1.4772 0.4215 3.505 0.528 6.825
0.75 1.4706 0.3939 3.734 0.500 6.764
1 1.4656 0.3710 3.950 0.476 6.717
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As an example the 12-inch-diameter pipe of Focke (2007),
Hilberink et al. (2010a,b) is considered. For this, the analytical
(bifurcation) solution is compared to the solution from an axisym-
metric ﬁnite element (FE) model in which a small imperfection is
introduced in the form of a ring inclusion at the apex of the wrinkle
triggered thereby.
For the pipe considered, the internal diameter of the pipe and
external diameter of the liner are 295.74 mm, the wall thickness
of the liner is 2.93 mm. The wall thickness of the backing does
not enter in the analytical solution (since it is based on the
assumption that the backing is rigid), but for the FE model the wall
thickness of the backing is taken to be 98.58 mm, so that the outer-
diameter-to-wall thickness ratio of the backing is D/t = 5. Such an
extremely thick wall is chosen so that the numerical model
matches the thick-walled pipe assumption of the analytical solu-
tion. (Sensitivity analysis indicates that using a more realistic
14.3 mm backing thickness in the FE analysis instead of the artiﬁ-
cially thick wall reduces the bifurcation stress for this example by
only 0.3% and the bifurcation strain by 3% from 0.66% to 0.64%.
Thus the rigid backing assumption is a good approximation in this
case).
The material for both the backing and the liner is elastoplastic
with a Young’s modulus of E = 193 GPa, Poisson’s ratio of m = 0.3,
and it follows the Von Mises yield condition with isotropic harden-
ing according to the following relationship (due to Needleman and
Tvergaard, 1977) between the equivalent uniaxial true stress Q and
the corresponding logarithmic total strain e:
Q=QY ¼ ½nðEe=QY  1Þ þ 11=n if Ee > QY
¼ Ee=QY otherwise ð55Þ
in which QY = 238.6 MPa is the yield stress; and n = 13 is exponent
deﬁning the shape of the stress–strain curve, and e is the logarith-
mic total (elastic + plastic) strain, given by
 ¼ gþ Q=E ð56Þ
Thus Eqs. (55) and (56) deﬁne the true stress–strain relation
Q = Q(g) of Eq. (1). Differentiating yields,
H ¼ dQ=dg ¼ 1=ð1=ET  1=EÞ;
ET ¼ E½nðE=Qy  1Þ þ 11=n1 ð57Þ
for the plastic modulus for this stress–strain relation.
The shape of this stress–strain curve is more typical of liner
material than of the backing. Nevertheless the same stress–strain
curve is used for both to ensure that the snug ﬁt condition is
maintained during the loading, so that the FE analysis matches
the assumption of the analytical solution.4.1. Analytical results
According to the analytical solution (summarized in Chapter 3),
for the frictionless case, the nominal axial stress at bifurcation is
f = 328.88 MPa and the corresponding engineering strain is
1 = 0.676%. The bifurcation wrinkle length is L = 65.66 mm (corre-
sponding to an undeformed length of the material forming the
wrinkle of 66.10 mm).
For the high friction case, one obtains a slightly higher engineer-
ing strain at bifurcation of 1 = 0.734%, corresponding to a nominal
axial stress of f = 331.58 MPa, and a wrinkle length of L = 61.18 mm
at incipient wrinkling. (The undeformed length of the material that
forms the wrinkle is 61.63 mm.) The intermediate results in the
notation of Section 3.4 are: u = 0.319, n1/p = 1.484, n2/p = 0.4456,
q = 3.329, w = 0.551, K = 6.882.
Thus the effects of the high friction restraint are: (a) a small in-
crease in incipient wrinkling strain from 0.676% to 0.734% in terms
of engineering strain, (b) a small decrease in wrinkle length from
65.66 mm to 61.36 mm, and (c) essentially no effect on the wrinkle
shape shown in Fig. 2. (The wrinkle shape for this example with
u = 0.319 lies between the already hardly distinguishable curves
in Fig. 2 for u = 0.01 and u = 1.)
4.2. Comparison with axisymmetric ﬁnite element analysis results
As a veriﬁcation of the analytical bifurcation solution for the
frictionless case, an axisymmetric ﬁnite element (FE) model is con-
structed with a small imperfection to trigger wrinkling. The imper-
fection consists of an inclusion that separates the liner from the
backing. Since the model is axisymmtric the inclusion represents
a ring. It induces a buckle at the apex of the inclusion. An inclusion
of 1 lm is sufﬁcient to trigger the wrinkle, and yields results that
match the analytical solution given almost perfectly.
4.2.1. Description of the ﬁnite element (FE) model
The main purpose of this FE model is to verify that the analytical
solution is correct for the assumptions it is based on. For this rea-
son the model is constructed to match the assumptions of the ana-
lytical solution. The extent to which this will capture real liner
behaviour, and the many factors, both controlled and uncontrolled,
that might affect its behaviour is brieﬂy addressed in Section 6.
The model uses an uniform mesh of 4-node axisymmetric
elements with reduced integration and hourglass control. There
are 186 elements along the length of the model, and 11 and 9
across the wall thickness of the liner and backing, respectively.
Symmetry about the apex of the wrinkle to form is exploited, so
that the 49.58 mm length of the model includes half of the wrinkle
and a small length where the liner is expected to remain in contact
with the backing. The chosen length corresponds to 0.75 times the
undeformed length of material forming the wrinkle according to
the analytical solution.
The liner and backing steel are modelled using the (ICU)
incrementally continuous deformation theory of plasticity with
unloading of Peek (2000b), with an unloading exponent of m = 5.
When no unloading occurs this model produces the same response
as the deformation theory of plasticity, but for unloading the elas-
tic incremental moduli are used for the component of the stress
increment normal to the (Von Mises) yield surface, whereas the
incremental moduli of the deformation theory of plasticity are
used for the tangential component. The unloading exponent m
controls how fast the incremental moduli return to the elastic
values as the stress state moves away from the ‘‘yield surface’’
towards the elastic zone.
If the ﬂow theory of plasticity were used in the FE analysis, one
would expect bifurcation to occur only at the unrealistically high
strains at which the analytical solutions predict it when using
Fig. 4. Gap between liner and backing at lift-off from FE analysis with an inclusion of size a = 1 lm, normalized with respect to the gap at the apex of the wrinkle, and
compared to the analytical bifurcation mode.
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wrinkles at the same strain as an unconstrained single pipe with
and R=t ratio of 60% of that of the liner applies for the ﬂow theory
of plasticity as well as for the deformation theory).
The end boundary conditions are as follows: symmetry condi-
tions are applied at the location of the inclusion, where the apex
of the wrinkle forms; at the other end the axial displacements
are the same for all liner nodes, and for all backing nodes, but
the axial displacement of the liner and backing may differ. The ax-
ial loads applied to the liner and the backing are proportional to
their respective cross sectional area. This load divided by the unde-
formed cross-sectional area is referred to as the (applied) nominal
stress.
The ‘‘axisymmetric’’ elements used are actually the same gener-
alized plane strain elements described in Peek (2001), but con-
strained in such a way that they are fully equivalent to
axisymmetric elements. They employ a total Lagrangian type for-
mulation valid for ﬁnite rotations and strains. The constitutive
model is the same ﬁnite deformation theory used in the analytical
solution, based on applying the small strain incremental relations
of isotropic elastoplasticity with isotropic strain hardening to re-
late the Jauman rate of the Kirchhoff stress tensor to the rate of
deformation tensor.
The contact between liner and backing is modelled with a small
deformation approximation: the mesh is such that liner and back-
ing nodes are initially matched at the interface. The penetration of
the liner into the backing at these matched node locations is sim-
ply taken as the radially outward displacement of the liner node
less that of the matched backing node. Such penetration is resisted
by unilateral springs with a high stiffness of 5252 MPa/mm (i.e.
5252 MPa contact pressure per mm of penetration) to represent
essentially rigid contact. Since the backing is essentially rigid, no
loss of accuracy is expected due to this small deformation
approximation.
The inclusion imperfection is modelled by a spring similar to
that for the contact conditions, except that it is present at the
intended apex of the wrinkle only, and becomes active as soon as
the inclusion starts being squashed. The stiffness of the spring usedfor this is the same as that for the contact conditions. The ﬁrst
increment in the analysis is to insert this inclusion which results
in a small elastic initial stress in the liner and backing and the
inclusion is initially compressed to about 78% of its size, which is
a = 1 lm (The theoretical background to the choice of the inclusion
size is that: (a) Any inclusion no matter how small is expected to
nudge the solution to the bifurcated branch, as long as the load
increments as one approaches the bifurcation point are small
enough, and the imperfection dominates over numerical noise
due to truncation errors in the calculations, and (b) the smaller
the imperfection, the more precisely the bifurcation point is cap-
tured. Some sensitivity analyses on the size of the imperfection
conﬁrmed that it is indeed small enough to accurately capture
the bifurcation, yet large enough to reliably trigger it).
A continuation method Riks and Rankin (1987) is used so that
converged solutions can be obtained even at and beyond the limit
point where the applied nominal stress reaches a maximum. The
space in which the arc length is controlled at every increment
has been chosen so that the increment in separation between liner
and backing at the apex of the buckle is tightly controlled at every
increment.
4.2.2. Results from FE model
The ﬁrst solution after lift-off is used to represent the conditions
at bifurcation. Lift-off occurs at nominal applied stress of
f = 328.23 MPa, and shortening of the liner of 1 ¼ 0:663% of the
original length. This compares favourably the corresponding re-
sults f = 328.88 MPa and 1 ¼ 0:676% from the analytical solution.
The shape of the gap between the liner and the backing at
lift-off is compared in Fig. 4 to the analytical buckling mode. As
can be seen the two shapes are almost indistinguishable. Differ-
ences become clear only in the ampliﬁed inset, where it can be
seen that penetration of the liner into the backing due to the ﬁnite
stiffness of the contact springs in the FE analysis is one of the
sources of the small differences.
Features of the FE solution that can explain the small difference
with the analytical result include: (1) the small penetration of the
backing into the liner, due to the ﬁnite stiffness of contact springs
1074 R. Peek, A. Hilberink / International Journal of Solids and Structures 50 (2013) 1067–1077used, (2) the backing not being fully rigid, (3) the three-dimen-
sional continuum solution for the liner, as opposed to thin shell
theory without shear deformations in the analytical bifurcation
solution, (4) FE discretization errors, both spatial, and in time, (5)
approximate representation of the stress–strain curve in the FE
analysis by piecewise linear interpolation between points for
which the stresses and strains calculated from Eqs. (55) and (56)
are speciﬁed as input to the FE program.
The reason for the close agreement between the liner shape and
lift-off in Fig. 4 and analytical bifurcation modeshape, despite the
use of an imperfection that does not match the modeshape lies
in the use of the deformation theory of plasticity. As long as there
is no unloading, this means that the behaviour is nonlinear elastic
with no history dependence, so once the liner lifts off the inclusion
imperfection, it does not matter how the wrinkle was initiated, the
solution will be the same as if it had bifurcated without any
imperfection.
The post-bifurcation behaviour is examined in Figs. 5 and 6. As
expected from the general theory, the applied load continues to in-
crease after bifurcation. It does so because the ICU deformation
theory used incorporates unloading. A limit point is reached at a
nominal stress of f = 354.86 MPa, the gap at the apex of the wrinkle
is then 1.02 mm. The overall shortening of the liner at that point is
1.5% of its original length. Thereafter the load caring capacity
drops, ﬁnally to only f = 138 MPa, when the gap is 8 mm (see
Fig. 7).Fig. 5. Post-lift-off (bifurcation) behaviour from FE analysis with a = 1 lm inclusion imp
the liner in the FE model, less the total shortening of the backing. (The bilateral feed, inclu
exploits symmetry to represent only one side of the wrinkle.)Initially, following bifurcation, the negative ‘‘unilateral feed’’ in
Fig. 5 means that the liner is extending axially relative to the back-
ing. This does not necessarily mean that it is extending absolutely;
only that it is not contracting as much as the backing at this point.
This is the result of a plastic Poisson’s ratio effect due to hoop com-
pression associated with radially inward displacements in the
liner. At about half way to the limit point the geometric effect of
the developing wrinkle overrides the Poisson effect and the liner
starts to contract relative to the backing, with positive axial feed,
as would intuitively be expected.
It is the restraint of this initial post-bifurcation extension of the
liner relative to the backing, that results in a slightly higher bifur-
cation stress and strain for the high friction case of the analytical
solution.
5. Closing remarks
The numerical example above serves to verify consistency of the
analytical solution forwrinkling initiationwith a numerical solution
based on the same assumptions. The real behaviour of lined pipes is
much more complex. Factors that inﬂuence it include: the snug vs.
tight or loose ﬁt condition (including any compressive prestress that
could be present in the tight-ﬁt condition), internal pressure during
plastic deformations, imperfections, loading in bending as opposed
to axially, and inﬂuence of the plasticity theory used to model the
material (anisotropy, ﬂow vs. deformation theory of plasticity).erfection at apex of wrinkle. The ‘‘unilateral feed’’ represents the total shortening of




















Axial Coordinate, X (mm)
Analytical Bifurcation Mode
Well Past Lift Off   g=0.022mm,   f=330MPa,  e=0.693%
At Limit Point   g=1.02mm,   f=354.86MPa,  e=1.496%
At End of Run   g=7.963mm,   f=137.87MPa,  e=5.353%
Fig. 6. Evolution of shape of gap from FE analysis with an inclusion imperfection of size a = 0.001 mm compared with shape of analytical bifurcation mode. Parameters shown
in the legend for each curve are: the gap at the apex (g), the nominal applied stress (f), and the overall shortening of the liner as a fraction of its original length (e).
Fig. 7. Comparison of axisymmetric wrinkling results for ﬂow and ICU deformation theories of plasticity for different sizes of inclusion imperfection, a. Triangles indicate
analytical results for the bifurcation point at which incipient wrinkling is expected no matter how small the imperfection triggering it.
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affect liner wrinkling, but rather only to provide a very simple solu-
tion for an idealized case: incipient liner wrinkling of the perfect,snug-ﬁt lined pipe under axial loading: It starts to wrinkle at the
same strain at which a single pipe with 60% of the R=t ratio of
the liner starts to wrinkle. Liner-backing friction does not have a
1076 R. Peek, A. Hilberink / International Journal of Solids and Structures 50 (2013) 1067–1077large effect on the initial (bifurcation) wrinkling strain, but could
have a much larger effect on the evolution of the wrinkles with
increasing applied deformation.
It can readily be veriﬁed that simply by multiplying the bifurca-
tion mode by 1, a valid solution is obtained for an external liner,
or the core-ﬁlled column. This applies for both the frictionless case
(for which the solution for outward wrinkling is the same one
given by Shrivastava (2010)), as well as for the high friction case,
which is not included in Shrivastava (2010).
For the ﬂow theory plasticity, bifurcation is predicted at a very
high strain, but this appears to be irrelevant to the actual behav-
iour: Even for a very small inclusion imperfection of 1 lm, wrin-
kling initiates well before the bifurcation point is reached, and
with a wrinkle length that is much shorter than the bifurcation
wrinkle length predicted by the ﬂow theory. (The wrinkle length
is about 50 mm at the limit point, from the FE analysis with the
very small imperfection, as opposed to 104 mm from the analytical
bifurcation modeshape using the ﬂow theory).
In view of the above, when using the ﬂow theory, imperfections
should always be introduced to avoid results that depend on the
level of numerical noise in the calculations. The ICU deformation
theory can give a useful indication of the sensitivity of the results
to the plasticity theory used. At least for the example considered,
this sensitivity is not high for measured imperfection heights of
over 0.1 mm reported in Focke (2007).Acknowledgements
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companies.Appendix A. Buckling mode wavenumbers
This appendix provides the proof that the wavenumbers that
yield an admissible buckling mode at the lowest strain according
to Eqs. (14), and (26-35) are deﬁned by n2 = 0, n1 = 1.
That cos (ni) = 0 implies that sin (ni) = ±1, which in turn implies,
via Eq. (29), that jA1j < jA2j. This means that the lower wavenumber
term in the expression for w must dominate in amplitude. Next
suppose that n2 > 0, then the lower wavenumber term in the
expression for w (Eq. (26)) will have at least 3 lobes in the range
L/2 6 x 6 L/2, alternating with positive and negative lobes. Since
the lower wavenumber dominates in amplitude this means that
the sign of w at the maxima and minima associated with the posi-
tive and negative lobes, respectively, will not change upon addition
of the higher wavenumber term in the expression for w. Thus, both
positive and negative values of w occur in the range L/2 6 x 6 L/
2. This violates that condition that w < 0 in the range L/2 < x < L/2
(Eq. (14)). Thus no admissible solutions with n2 > 0 exist. Therefore
n2 = 0.
For n1, admissible solutions may be possible with n1 > 1, but
these involve a higher wavenumber ratio n1/n2 than the n1/n3 = 3
obtained that for n1 = 0. Finally it is veriﬁed by a process similar
to the derivation of Eq. (39), that this higher wavenumber ratio
leads to a higher R/t ratio for a given bifurcation strain, which in
turn implies a higher bifurcation strain for the same R/t ratio,
assuming that the bifurcation strain is a monotonically decreasing
function of R/t.Appendix B. Deﬁnition of incremental moduli
This appendix gives expressions for the effective incremental
moduli Cij that appear in the bifurcation conditions (Eqs. (5) and
(6)).
As in Peek (2000a), for the case of ﬁnite strains the effective





G ¼ E=½2ð1þ mÞ; GT ¼ 1=½1=Gþ 3=H;
GS ¼ 1=½1=Gþ 3g=Q  ð59a-cÞ
c1 ¼ ðE=ð1 2mÞ  2GxÞ=3; c2 ¼ 2Gx;
c3 ¼ ð4=3ÞðGx  GTÞ ð60a-cÞ
a11 ¼ c1 þ c2  c3 þ 2Q ; a22 ¼ a33
¼ c1 þ c2  c3=4; a12 ¼ a13 ¼ c1 þ c3=2;
a23 ¼ c1  c3=4 ð61a-dÞ
C11 ¼ a11  a213=a33  Q ; C22 ¼ a22  a223=a33;
C12 ¼ a12  a13a23=a33 ð62a-cÞ
In the above Gx = GS if the deformation theory of plasticity is
used for the bifurcation check, or Gx = G if the ﬂow theory of plas-
ticity is to be used. Although some of the above expressions are dif-
ferent to those in Peek (2000a), they are fully equivalent. The
constants Cij here are the same as the lower case cij in Peek
(2000a), except that (c11–Q) in Peek (2000a) is replaced by C11. In
any case the coefﬁcients Cij are constant with respect to the axial
coordinate x, and depend only on the point (g, Q) on the stress–
strain curve under consideration, and the plastic modulus H = dQ/
dg at that point.
For small strains the ‘‘effective incremental moduli’’ become
simply the incremental moduli, given by Batterman (1965) for
the case of the deformation theory as,
C11 ¼ fE=ET þ 3 E=ESgE=½ð3 E=ES þ 2 4mÞE=ET  ð1 2mÞ2 ð63aÞ
C22 ¼ 4ðE=ETÞE=½ð3 E=ES þ 2 4mÞE=ET  ð1 2mÞ2 ð63bÞ
C12 ¼ 2ðE=ET  1þ 2mÞE=½ð3 E=ES þ 2 4mÞE=ET  ð1 2mÞ2 ð63cÞ
where ET = 1/(1/E + 1/H) and ES = 1/(1/E + g/Q) are the tangent and
secant moduli, respectively, under uniaxial tension.
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